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ISOPERIMETRIC INEQUALITIES IN CONICALLY BOUNDED CONVEX BODIES
MANUEL RITORÉ AND EFSTRATIOS VERNADAKIS
ABSTRACT. We consider the problem of minimizing the relative perimeter under a volume
constraint in the interior of a conically bounded convex set, i.e., an unbounded convex
body admitting an exterior asymptotic cone. Results concerning existence of isoperimetric
regions, the behavior of the isoperimetric profile for large volumes, and a characterization
of isoperimetric regions of large volume in conically bounded convex sets of revolution is
obtained.
1. INTRODUCTION
Throughout this paper we shall denote by C ⊂ Rn+1 an unbounded closed convex set
with non-empty interior. We shall call such a set an unbounded convex body. We are in-
terested in the isoperimetric problem of minimizing the relative perimeter in the interior
of C under a volume constraint, specially for large volumes. The isoperimetric profile of
C is the function IC : (0,+∞)→ R
+ assigning to any v > 0 the infimum of the perimeter
of sets of volume v. An isoperimetric region E ⊂ C is one whose perimeter equals IC(|E|),
where |E| is the volume of E. This implies P(F) ¾ P(E) for any F ⊂ C such that |F |= |E|.
Given an unbounded convex body C , a classical notion in the theory of convex sets is
that of the asymptotic cone of C , or tangent cone at infinity, defined by C∞ =
⋂
λ>0λC .
We shall say that C∞ is non-degenerate when dimC∞ = dimC = n+ 1. Assuming C has a
non-degenerate asymptotic cone, we can extract useful information on the isoperimetric
profile IC of C but, unfortunately, we need a stronger control on the large scale geometry
of C to get a more precise information on the geometry of large isoperimetric regions in
C . Thus we are led to consider conically bounded convex sets. We shall say that a convex
set C is conically bounded if there exists a non-degenerate cone C∞ containing C , the
exterior asymtotic cone of C , so that the Hausdorff distance of Ct = C ∩ {xn+1 = t} and
(C∞)t goes to zero when t goes to infinity. When C is conically bounded, C
∞ coincides
with C∞ up to translation. There are examples of convex sets C with non-degenerate
asymptotic cone that are not conically bounded.
Previous results on the isoperimetric profile of cylindrically bounded convex bodies
have been obtained by the authors in [23]. For bounded convex bodies we refer to [22]
Date: June 7, 2018.
2000 Mathematics Subject Classification. 49Q10, 49Q20, 52B60.
Key words and phrases. Isoperimetric inequalities, conically bounded convex bodies, isoperimetric profile,
isoperimetric regions.
Both authors have been supported by MICINN-FEDER grant MTM2010-21206-C02-01, and Junta de An-
dalucía grants FQM-325 and P09-FQM-5088.
2 M. RITORÉ AND S. VERNADAKIS
and the references there. In convex cones, this isoperimetric problem has been consid-
ered by Lions and Pacella [19], Ritoré and Rosales [21] and Figalli and Indrei [9]. Out-
side convex bodies, possibly unbounded, isoperimetric inequalities have been established
by Choe and Ritoré [8], and Choe, Ghomi and Ritoré [6], [7].
We have organized this paper into several sections. In Section 2, we fix the nota-
tion we shall use and give the appropriate background. In particular, we discuss the
relation between conically bounded convex sets and unbounded convex bodies with non-
degenerate asymptotic cone in Lemma 2.1 and Remark 2.2. We also give the necessary
background on finite perimeter sets.
In Section 3, we consider convex bodies C with non-degenerate asymptotic cone C∞
and we prove in Theorem 3.4 that the isoperimetric profile IC of C is always bounded
from below by the isoperimetric profile of IC∞ , and that IC and IC∞ are asymptotic. In-
equality IC ¾ IC∞ is interesting since it implies that the isoperimetric inequality of the
convex cone C∞ also holds in C , although it is not sharp in general. We also show the
continuity of the isoperimetric profile of C in Lemma 3.5.
In Section 4, we consider conically bounded convex bodies with smooth boundary.
The boundary of its exterior asymptotic cone out of the vertex is not regular in general
as it follows from the discussion at the beginning of Section 4. Assuming the regularity
of this convex cone, we prove existence of isoperimetric regions for all volumes in Propo-
sition 4.3, and the concavity of the isoperimetric profile IC and of its power I
(n+1)/n
C in
Proposition 4.4. It is well-known [17] that the concavity of I (n+1)/nC implies the connect-
edness of isoperimetric regions in C . In a similar way to [22] we prove a “clearing-out”
result in Proposition 4.9, and a lower density bound in Corollary 4.10, that allow us to
show in Theorem 4.11 a key convergence result: if we have a sequence isoperimetric re-
gions in C whose volumes go to infinity, then scaled them down to have constant volume,
we have convergence of the scaled isoperimetric regions in Hausdorff distance to a ball
in the exterior asymptotic cone. Moreover, the boundaries of the scaled isoperimetric re-
gions also converge in Hausdorff distance to the spherical cap that bounds this ball. This
convergence can be improved to higher order convergence using Allard type estimates
for varifolds using the estimate in Lemma 4.12.
In Section 5, we consider conically bounded sets of revolution. These sets are foliated,
out of a compact set, by a family of spherical caps whose mean curvatures go to 0 by
Lemma 5.1. Using the results in the previous Section and an argument based on the
Implicit Function Theorem, we show in Theorem 5.5 that large isoperimetric regions are
spherical caps meeting the boundary of the unbounded convex body in an orthogonal
way.
The authors would like to thank the referee for the useful comments.
2. PRELIMINARIES
2.1. Convex sets. An unbounded convex body C ⊂ Rn+1 will be a closed unbounded con-
vex set with non-empty interior. A convex body C ⊂ Rn+1 is a compact convex set with
non-empty interior. The dimension of a convex set C ⊂ Rn+1 is the dimension of the
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smallest affine subspace of Rn+1 containing C and will be denoted by dimC . We refer the
reader to Schneider’s monograph [24] for background on convex sets and functions.
Given x ∈ C and r > 0, we define the intrinsic ball BC(x , r) = C ∩ B(x , r), and the
corresponding closed ball BC (x , r) = C ∩ B(x , r). For E ⊂ C , the relative boundary of E
in the interior of C is ∂C E = ∂ E ∩ intC .
We say that a sequence of closed sets {Ei}i∈N ⊂ R
n+1 converges in pointed Hausdorff
distance to some closed set E if there exist a point p ∈ Rn+1 so that {Ei ∩ B(p, r)}i∈N
converges in Hausdorff distance to E ∩ B(p, r) for all r > 0. This property is almost
independent of the point p. If q ∈ Rn+1 and Ei ∩ B(q, r)i∈N is non-empty for large i
then, applying the Kuratwoski criterion [24, Thm. 1.8.7], one easily sees that Ei ∩B(q, r)
converges to B(q, r) in Hausdorff distance.
We define the asymptotic cone C∞ of an unbounded convex body C containing 0 by
(2.1) C∞ =
⋂
λ>0
λC ,
where λC = {λx : x ∈ C} is the image of C under the homothety of center 0 and ratio λ.
If p ∈ C and hp,λ is the homothety of center p and ratio λ then
⋂
λ>0 hp,λ(C) = p+ C∞ is
a translation of C∞. Hence the shape of the asymptotic cone is independent of the chosen
origin. When C is bounded the set C∞ defined by (2.1) is a point. It is known that λC
converges, in the pointed Hausdorff topology, to the asymptotic cone C∞ [5] and hence
it satisfies dimC∞ ¶ dimC . We shall say that the asymptotic cone is non-degenerate if
dimC∞ = dimC . The solid paraboloid {z ¾ x
2 + y2} and the cilindrically bounded con-
vex set {z ¾ (1− x2 − y2)−1 : x2 + y2 < 1} are examples of unbounded convex bodies
with the same degenerate asymptotic cone C∞ = {(0,0, z) : z ¾ 0}.
We define the tangent cone Cp of a (possibly unbounded) convex body C at a given
boundary point p ∈ ∂ C as the closure of the set⋃
λ>0
hp,λ(C).
Tangent cones of convex bodies have been widely considered in convex geometry under
the name of supporting cones [24, § 2.2] or projection cones [4]. From the definition it
follows that Cp is the smallest cone, with vertex p, that includes C .
Let K ⊂ Rn+1 be a closed convex cone with interior points. It is known that the geo-
desic balls centred at the vertex are isoperimetric regions in K , [19], [21], and that they
are the only ones [9] for general convex cones, without any regularity assumption on the
boundary. The invariance of K by dilations centered at some vertex yields
(2.2) IK(v) = IK(1) v
n/(n+1).
Given a convex body C ⊂ Rn containing 0 in its interior, its radial function ρ(C , ·) :
S
n → R is defined by
ρ(C ,u) =max{λ¾ 0 : λu ∈ C}.
It easily follows that ρ(C ,u)u ∈ ∂ C for all u ∈ Sn.
Let C ⊂ Rn+1 be an unbounded convex body that can be written as the epigraph of
a non-negative convex function over the hyperplane xn+1 = 0. We shall say that C is a
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conically bounded convex body if, for every t ¾ 0, the set Ct = C ∩ {xn+1 = t} is a convex
body in the hyperplane {xn+1 = t}, and there exists a non-degenerate convex cone C
∞
including C such that
(2.3) lim
t→∞
max
|u|=1
|ρ(Ct ,u)−ρ((C∞)t ,u)|= 0.
We shall call C∞ the exterior asymptotic cone of C . Because of our assumption of com-
pactness of the slices Ct , the exterior asymptotic cone has a unique vertex. We have the
following
Lemma 2.1. Let C ⊂ Rn+1 be a conically bounded convex body. Then C∞ and C
∞ coincide
up to translation.
Proof. Assume C is the epigraph of the convex function f : Rn → R+, and let C∞ be de-
fined as the epigraph of the convex function f ∞ : Rn → R+. Since C∞ is a cone, assuming
the origin is a vertex, we have λ f ∞(x) = f ∞(λx) for any λ > 0 and x ∈ Rn.
Let us compute now the asymptotic cone C∞. From (2.2), the point (x , y) ∈ R
n×R be-
longs to C∞ if and only if (µx ,µy) ∈ C for all µ > 0. This is equivalent to y ¾ µ
−1 f (µx)
for all µ > 0. The family { fµ}µ>0, where fµ is defined by fµ(x) = µ
−1 f (µx), is com-
posed of convex functions. The convexity of f and the fact that f (0) = 0 imply that
fµ(x) ¶ fβ (x) when µ ¶ β . Hence the asymptotic cone of C is the epigraph of the con-
vex function f∞ = supµ>0 fµ = limµ→∞ fµ. Observe that λ f∞(x) = f∞(λx) for all λ > 0
and x ∈ Rn. Since C ⊂ C∞ we have f ¾ f ∞ and so
f∞(x)¾ fµ(x) = µ
−1 f (µx)¾ µ−1 f ∞(µx) = f ∞(x).
Let us check now that f∞ = f
∞. Fix some x ∈ Rn \ {0} and let u = x/|x |. Then
(x , f (x)) ∈ ∂ C f (x) and ρ(C f (x),u) = |x |. If µ = f (x)/ f
∞(x) then f ∞(µx) = µ f ∞(x) =
f (x). Hence (µx , f ∞(µx)) belongs to ∂ (C∞) f (x), and ρ((C
∞) f (x),u) is given by µ |x | =
( f (x)/ f∞(x)) |x |. Hence we have
|ρ(C f (x),u)−ρ((C
∞) f (x),u)|=

f (x)
f∞(x)
− 1

|x |.
Replacing x by λx we get
|ρ(C f (λx),u)−ρ((C
∞) f (λx),u)|=

f (λx)
f∞(λx)
− 1

λ|x |.
Letting λ → ∞, we know that f (λx) converges to ∞ since f (λx) ¾ λ f ∞(x). By (2.3)
we obtain
1= lim
λ→+∞
f (λx)
f ∞(λx)
= lim
λ→+∞
λ−1 f (λx)
λ−1 f ∞(λx)
=
f∞(x)
f ∞(x)
.

Remark 2.2. It is not difficult to produce examples of unbounded convex body with
non-degenerate asymptotic cone which are not conically bounded. Simply consider the
epigraph in R2 of the convex function f (x) = ex − 1. Its asymptotic cone is the quadrant
x ¶ 0, y ¾ 0. On the other hand, there are no asymptotic lines to the graph of f (x) when
x →+∞.
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Starting from this example we can produce higher dimensional ones: consider the re-
flection of {(x , f (x)) : x ¾ 0} with respect to the normal line x + y = 0 to the graph of
f (x) at (0,0). This convex function can be used to produce higher dimensional un-
bounded convex bodies of revolution with non-degenerate asymptotic cone which are
not conically bounded.
2.2. Sets of finite perimeter and isoperimetric regions. The main references here are
Giusti [13] and Maggi [20]. Given E ⊂ C , we define the relative perimeter of E in int(C),
by
PC(E) = sup
n∫
E
divξ dHn+1,ξ ∈ Γ0(C), |ξ|¶ 1
o
,
where Γ0(C) is the set of smooth vector fields with compact support in int(C). We shall
say that E has finite perimeter in C if PC (E)<∞.
The volume of E is defined as the (n+1)-dimensional Hausdorff measure of E and will
be denoted by |E|. The r-dimensional Hausdorff measure will be denoted by H r .
If C ,C ′ ⊂ Rn+1 are convex bodies (possible unbounded) and f : C → C ′ is a Lipschitz
map, then, for every s > 0 and E ⊂ C , from the definition of Hausdorff measure, we get
H s( f (E))¶ Lip( f )s H s(E). This implies
Lemma 2.3. Let C ,C ′ ⊂ Rn+1 and f : C → C ′ a bilipschitz map then we have
Lip( f −1)−n PC (E)¶ Pf (C)( f (E))¶ Lip( f )
n PC (E),
Lip( f −1)−(n+1) |E|¶ | f (E)|¶ Lip( f )n+1 |E|.
(2.4)
Proof. The first line of inequalities holds when the boundary of E is smooth. For general
E it follows by approximation by finite perimeter sets with smooth boundary. The second
line is well-known. 
Remark 2.4. Let Mi , i = 1,2,3 be metric spaces and fi : Mi → Mi+1, i = 1,2 be lipschitz
maps, then Lip( f2 ◦ f1) ¶ Lip( f1)Lip( f2). Consequently if g : M1 → M2 is a bilipschitz
map, then 1¶ Lip(g)Lip(g−1).
Remark 2.5. If f : C1 → C2 is a bilipschitz map between subsets of R
n+1, then g :
λC1 → λC2, defined by g(x) = λ f (
x
λ
), is also bilipschitz and satisfies Lip( f ) = Lip(g),
Lip( f −1) = Lip(g−1).
We define the isoperimetric profile of C by
(2.5) IC(v) = inf
n
PC (E) : Ω⊂ C , |E|= v
o
.
We shall say that E ⊂ C is an isoperimetric region if PC (E) = IC(|E|). The renormalized
isoperimetric profile of C is
(2.6) YC = I
(n+1)/n
C .
Lemma 2.6 ([22, Lemma 5.1]). Let C be a convex body, and λ > 0. Then
(2.7) IλC (λ
n+1v) = λn IC(v),
for all 0< v <min{|C |, |λC |}.
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The known results on the regularity of isoperimetric regions are summarized in the
following Lemma.
Lemma 2.7 ([14], [15], [25, Thm. 2.1]). Let C ⊂ Rn+1 a (possible unbounded) convex
body and E ⊂ C an isoperimetric region. Then ∂ E ∩ int(C) = S0 ∪ S, where S0 ∩ S = ; and
(i) S is an embedded C∞ hypersurface of constant mean curvature.
(ii) S0 is closed and H
s(S0) = 0 for any s > n− 7.
Moreover, if the boundary of C is of class C2,α then cl(∂ E ∩ int(C)) = S ∪ S0, where
(iii) S is an embedded C2,α hypersurface of constant mean curvature
(iv) S0 is closed and H
s(S0) = 0 for any s > n− 7
(v) At points of S ∩ ∂ C, S meets ∂ C orthogonally.
Arguing similarly as in the proof of [22, Thm. 4.1] we obtain
Lemma 2.8. Let {Ci}i∈N be a sequence of (possibly unbounded) convex bodies converging to
a convex body C in pointed Hausdorff distance. Let E ⊂ C a bounded set of finite perimeter
and volume v > 0. If vi → v. Then there exists a sequence {Ei}i∈N of bounded sets Ei ⊂ Ci
of finite perimeter in Ci with |Ei |= vi and limi→∞ PCi (Ei) = PC(E).
Proof. Let B ⊂ Rn+1 be a closed Euclidean ball containing E in its interior. By hypothesis,
the sequence {Ci ∩ B}i∈N converges in Hausdorff distance to C ∩ B. As in [22, Thm. 3.4],
we consider a sequence fi : Ci∩B→ C ∩B of bilipschitz maps with Lip( fi), Lip( f
−1
i
)→ 1.
Now we argue as in [22, Thm. 4.1], defining the sets Ei ⊂ Ci as the preimages by fi of
smooth perturbations of E supported in the regular part of ∂C E, and such that |Ei | = vi ,
and limi→∞ PCi (Ei) = PC (E). 
Proposition 2.9 ([22, Proposition 6.2]). Let C ⊂ Rn+1 be a convex body (possibly unboun-
ded), and p ∈ ∂ C. Then every intrinsic ball in C centered at p has no more perimeter than
an intrinsic ball of the same volume in Cp. Consequently
(2.8) IC(v) ¶ ICp(v),
for all 0< v < |C |.
Remark 2.10. A closed half-space H ⊂ Rn+1 is a convex cone with the largest possible
solid angle. Hence, for any convex body C ⊂ Rn+1, we have
(2.9) IC(v)¶ IH(v),
for all 0< v < |C |.
Remark 2.11. Proposition 2.9 implies that E∩∂ C 6= ;when E ⊂ C is isoperimetric. Since
in case E∩∂ C is empty, then E is an Euclidean ball. Moreover, as the isoperimetric profile
of Euclidean space is strictly larger than that of the half-space, a set whose perimeter is
close to the the value of the isoperimetric profile of C must touch the boundary of C .
Proposition 2.12 ([21, Thm. 2.1]). Let C be an unbounded convex body and v > 0. Then
there exists a finite perimeter set E ⊂ C (possibly empty), with |E|= v1 ¶ v, PC(E) = IC(v1),
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and a diverging sequence {Ei}i∈N of finite perimeter sets such that |Ei | → v2 and v1+ v2 = v.
Moreover
(2.10) IC(v) = PC (E)+ lim
i→∞
PC (Ei)
Lemma 2.13. Let C ⊂ Rn+1 be an unbounded convex body. Then C is a doubling metric
space with a constant depending only on n.
Proof. Let x ∈ C , r > 0 and K denote the convex cone with vertex x subtended by
∂ BC(x , r) then
|BC (x , 2r)|= |BC(x , 2r) \ BC(x , r)|+ |BC (x , r)|
¶ |BK(x , 2r) \ BK(x , r)|+ |BC (x , r)|
¶ |BK(x , 2r)|+ |BC (x , r)|
= 2n+1|BK(x , r)|+ |BC(x , r)|
= (2n+1 + 1)|BC(x , r)|.
(2.11)

The next result follows from [10, 6.1].
Proposition 2.14. Let C ⊂ Rn+1 be an unbounded convex body. Then each isoperimetric
region in C is bounded.
Proof. Using the doubling property, Lemma 2.13, and (3.2) as in [10, Lemma 3.10], we
get an c0 > 0 such that
(2.12) PC(Ω) ¾ c0|Ω|
n/(n+1)
for any finite perimeter set with |Ω|¶ v0.
Let E ⊂ C be an isoperimetric region so that the regular part of the boundary has con-
stant mean curvature H. Consider a point p in the regular part of ∂ E∩ int(C), and take a
vector field in Rn+1 with compact support in a small neighborhood of p that does not in-
tersect the singular set of ∂ E. We choose the vector field so that the deformation {Et}t∈R
induced by the associated flow strictly increases the volume in the interval (−ǫ,ǫ), i.e.,
t 7→ |Et | is strictly increasing in (−ǫ,ǫ). Taking a smaller ǫ if necessary, the first variation
formulas of volume and perimeter imply
(2.13)
Hn(∂ Et ∩ int(C))−Hn(∂ E ∩ int(C) ¶ (2|H|) |Et | − |E|.
The last equation plays the role of deformation Lemma in [10, Lemma 4.6], which com-
bined with (2.12) give us the boundedness of isoperimetric regions. 
We shall say that a cone is regular if its boundary is C2 out of the vertices.
Proposition 2.15. Let C be a regular convex cone and {Ei}i∈N ⊂ C a diverging sequence of
finite perimeter sets with limi→∞ |Ei |= v. Then lim infi→∞ PC(Ei)¾ IH(v).
Proof. The proof is modeled on [21, Thm. 3.4], where the sets of the diverging sequence
were assumed to have the same volume. 
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3. UNBOUNDED CONVEX BODIES WITH NON-DEGENERATE ASYMPTOTIC CONE
The main result in this Section is Theorem 3.4, where we prove that the isoperimetric
profile IC of an unbounded convex body C with non-degenerate asymptotic cone C∞ is
bounded from below by IC∞ and that IC and IC∞ are asymptotic functions. We also prove
the continuity of the isoperimetric profile IC .
Assume now that C ⊂ Rn+1 is an unbounded convex body and 0 ∈ C . We denote
Cr = BC (0, r)
and
ICr (v) = inf

PC(E) : E ⊂ Br , |E|= v
	
.
Lemma 3.1. Let C be an unbounded convex body. Then
(3.1) IC = inf
r>0
ICr .
Remark 3.2. Lemma 3.1 implies that, for every volume, there exists a minimizing se-
quence consisting of bounded sets.
Proof. From the definition of ICr it follows that, for 0 < r < s, we have ICs ¾ ICr ¾ IC in
the common domain of definition. Hence IC ¶ infr>0 ICr .
In order to prove the opposite inequality we will be follow an argument in [21]. Fix
v > 0, and let {Ei}i∈N be a minimizing sequence for volume v. This means |Ei | = v and
limi→∞ PC (Ei) = IC(v).
For every i ∈ N we have limr→∞ |Ei \ Br | = 0. Thus for every i ∈ N there exists Ri > 0
such that
|Ei \ BRi |<
1
i
.
We now define a sequence of real numbers {ri}i∈N by induction taking r1 = R1 and
ri+1 =max{ri ,Ri+1 + 1}+ i. Then {ri}i∈N satisfies
ri+1− ri ¾ i and |Ei \ Bri |<
1
i
.
By the coarea formula∫ ri+1
ri
Hn(Ei ∩ ∂ Bt) d t ¶
∫
R
Hn(Ei ∩ ∂ Bt) d t = |Ei |= v.
Thus there exists ρ(i) ∈ [ri , ri+1] so that (ri+1 − ri)H
n(Ei ∩ ∂ Bρ(i)) ¶ v, and so
Hn(Ei ∩ ∂ Bρ(i))¶
v
i
.
Now by Corollary 5.5.3 in [26] we have
PC (Ei ∩ Bρ(i))¶ P(Ei ,Bρ(i)) +H
n(Ei ∩ ∂ Bρ(i)).
Let B∗
i
be a sequence of Euclidean balls of volume |B∗
i
|= |Ei \ Bρ(i)|. Since |B
∗
i
| → 0 when
i →∞, the balls can be taken at positive distance of Ei ∩ Bρ(i), but inside B2ri for i large
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enough. Hence
IC2ri
(v)¶ PC (Ei ∩ Bρ(i)) + P(B
∗
i
)
¶ PC (Ei ,Bρ(i)) + H
n(Ei ∩ ∂ Bρ(i)) + P(B
∗
i
)
¶ PC (Ei) +
v
i
+ P(B∗
i
).
Taking limits when i →∞ we obtain infr>0 ICr (v)¶ IC(v). 
The following is inspired by [22, Thm. 4.12]
Lemma 3.3. Let C ⊂ Rn+1 a convex body with non-degenerate asymptotic cone C∞. Given
r0 > 0, there exist positive constants M, ℓ1, only depending on r0 and C∞, and a universal
positive constant ℓ2 so that
(3.2) IBC (x ,r)(v)¾ Mmin{v, |BC (x , r)| − v}
n/(n+1)
,
for all x ∈ C, 0< r ¶ r0, and 0< v < |B(x , r)|. Moreover
(3.3) ℓ1r
n+1
¶ |BC (x , r)|¶ ℓ2r
n+1,
for any x ∈ C, 0< r ¶ r0.
Proof. Fix r0 > 0. Following [22, Thm. 4.11], to show the validity of (3.2), we only need
to obtain a lower bound δ for the inradius of BC (x , r0) independent of x ∈ C . Then a
relative isoperimetric inequality is satisfied in BC(x , r), for 0< r < r0, with a constant M
that only depends on r0/δ.
Let C∞ be the asymptotic cone of C with vertex at the origin. For every x ∈ C , we have
x + C∞ =
⋂
λ>0 hx ,λ(C) =
⋂
1¾λ>0 hx ,λ(C) ⊂ C . Fix r0 > 0 and x ∈ C . As x + C∞ ⊂ C ,
we get Bx+C∞(x , r) ⊂ BC (x , r). Since C∞ is non-degenerate, then we can pick δ > 0 and
y ∈ C∞ so that B(y,δ) ⊂ BC∞(0, r0). Hence B(x + y,δ) ⊂ Bx+C∞(x , r0). This provides
the desired uniform lower bound for the inradius of B(x , r0).
We now prove (3.3). Since |BC(x , r)| ¶ |B(x , r)|, it is enough to take ℓ2 = ωn+1 =
|B(0,1)|. For the remaining inequality, using the same notation as above, we have
|B(x , r)∩ C | = |B(x ,λr0)∩ C |¾ |hx ,λ(B(x , r0)∩ C)|
= λn+1|B(x , r0)∩ C | ¾ λ
n+1|B(y(x),δ)|
=ωn+1(δ/r0)
n+1 rn+1,
and we take ℓ1 =ωn+1(δ/r0)
n+1. 
Theorem 3.4. Let C be a convex body with non-degenerate asymptotic cone C∞. Then
(3.4)
IC
IC∞
¾ 1.
Moreover
(3.5) lim
v→∞
IC(v)
IC∞(v)
= 1.
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Proof. Fix v > 0 and let E ⊂ C be any bounded set of finite perimeter and volume v.
Let q ∈ int(C∞ ∩ B(0,1)) and Bq ⊂ int(C∞ ∩ B(0,1)) be a Euclidean geodesic ball. Now
consider a solid cone Kq with vertex q such that 0 ∈ int(Kq) and Kq∩C∩∂ B(0,1) = ;. Let
ri ↑ ∞. By definition of the asymptotic cone, r
−1
i
C ∩ B(0,1) converges to C∞ ∩ B(0,1) in
Hausdorff distance. Thus we may construct, as in [22, Thm. 3.4], a family of bilipschitz
maps fi : r
−1
i
C ∩ B(0,1)→ C∞ ∩ B(0,1) which fix the points in the ball Bq, and such that
(3.6) Lip( fi), Lip( f
−1
i
)→ 1.
So fi is the identity in Bq and it is extended linearly along the segments leaving from q.
For large enough i ∈ N we have, E ⊂ C ∩B(0, ri) and r
−1
i
E ⊂ Kq, since diam(E)<∞. For
this large i, by construction, the maps fi have the additional property
(3.7) PC∞( fi(r
−1
i
E)) = PC∞∩B(0,1)( fi(r
−1
i
E)).
For i large enough, PC(E) = PC (E ∩ B(0, r)). Thus by Lemma 2.3, (2.2) and the above,
we get
PC (E)
|E|n/(n+1)
=
Pr−1
i
C (r
−1
i
E)
|r−1
i
E|n/(n+1)
¾
PC∞( fi(r
−1
i
E))
| fi(r
−1
i
E)|n/(n+1)
(Lip( fi)Lip( f
−1
i
))−n
¾ IC∞(1) (Lip( fi)Lip( f
−1
i
))−n.
(3.8)
Passing to the limit we get,
(3.9)
PC(E)
|E|n/(n+1)
¾ IC∞(1).
Thus, by (2.2), for every v ¾ 0, we obtain,
(3.10) IC(v)¾ IC∞(v),
which implies (3.4).
Let us prove now (3.5). Let λi ↓ 0, i ∈ N. Since C∞ is the asymptotic cone of each λiC
then the last inequality holds for every λiC , i ∈ N. Passing to the limit we conclude
IC∞(1)¶ lim infi→∞
IλiC(1).
Now consider a ball BC∞ centered at a vertex of C∞ of volume 1, which is an isoperimetric
region by [19]. By Lemma 2.8, there exist a sequence Ei ⊂ λiC of finite perimeter sets
with |Ei |= 1 and such that limi→∞ PλiC(Ei) = PC (B). So we get
IC∞(1)¾ limsup
i→∞
IλiC(1),
and we conclude
(3.11) IC∞(1) = limi→∞
IλiC (1).
From (3.11), Lemma 2.6 and the fact that C∞ is a cone we deduce
1= lim
λ→0
IλC (1)
IC∞(1)
= lim
λ→0
λn IC(1/λ
n+1)
λn IC∞(1/λ
n+1)
= lim
v→∞
IC (v)
IC∞(v)
,
as desired. 
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We now prove the continuity of the isoperimetric profile of C . The proof of the follow-
ing is adapted from [11, Lemma 6.2]
Lemma 3.5. Let C be a convex body with non-degenerate asymptotic cone. Then IC is
continuous.
Proof. Given r > 0 and x ∈ C , we get B(x , r)∩ (x + C∞)⊂ B(x , r)∩ C . Thus
|BC(x , r)|¾ |Bx+C∞(x , r)|= |Bx+C∞(x , 1)| r
n+1 = ℓ1r
n+1,
for all x ∈ C and r > 0, where ℓ1 = |BC∞(0,1)|.
Let E ⊂ C a finite perimeter set and r > 0. We apply Fubini’s Theorem to the function
C × E → R defined by
(x , y) 7→ χBC (x ,r)(y)
to obtain ∫
C
|BC (x , r)∩ E| d x =
∫
E
|BC (y, r)| d y ¾ ℓ1r
n+1|E|.
This implies the existence of some x ∈ C (depending on E and r > 0) such that
(3.12) |BC (x , r)∩ E|¾ ℓ1r
n+1 |E|
|C |
.
Fix now two volumes 0< v1 < v2. Define r > 0 by
ℓ1r
n+1 v2
|C |
= v2 − v1.
Fix ǫ > 0. From the definition of the isoperimetric profile, there exists a finite perimeter
set E ⊂ C of volume v2 such that PC (E) ¶ IC (v2) + ǫ . From the above discussion, there
exists x ∈ C so that (3.12) holds. This implies
|E \ BC(x , r)|¶ |E| − |BC (x , r)∩ E|¶ v2 − ℓ1r
n+1 v0
|C |
= v1.
As the function t 7→ |E \ BC(x , t)| is continuous and monotone, there exists 0 < s ¶ r so
that |E \ BC(x , s)| = v1 . Hence we get
IC(v1)¶ PC(E \ BC(x , s)) ¶ PC (E)+ PC (BC(x , s))
¶ IC(v2) + ǫ+ms
n
¶ IC(v2) + ǫ+mr
n
¶ IC(v2) + ǫ+ c v
−n/(n+1)
1 (v2 − v1)
n/(n+1),
where m > 0 is the perimeter of a Euclidean geodesic sphere of radius 1 and C > 0 is
explicitly computed from the definition of r. As ǫ was arbitrary, we get
(3.13) IC(v1) ¶ IC(v2) + c v
−n/(n+1)
1 (v2 − v1)
n/(n+1).
We now prove a second inequality. By Lemma 3.1, given ǫ > 0, there exists R > 0
and a finite perimeter set E ⊂ BC (0,R) of volume v0 such that PC (E)¶ IC(v1) + ǫ . Now
consider a Euclidean geodesic ball B of volume v2 − v1 in int(C) \ B(0,R)). We have
IC(v2)¶ PC(E ∪ B) = PC (E)+ PC(B)¶ IC (v1) + ǫ+ c (v2− v1)
n/(n+1),
where c′ > 0 is the Euclidean isoperimetric constant. Since ǫ > 0 is arbitrary, we get
(3.14) IC(v2) ¶ IC(v1) + c
′ (v2 − v1)
n/(n+1).
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Now the continuity of IC follows from (3.13) and (3.14). 
4. CONICALLY BOUNDED CONVEX BODIES
In this Section we shall obtain a number of results for conically bounded convex bodies
with smooth boundary. Observe that this assumption does not guarantee that the asymp-
totic cone has smooth boundary out of the vertexes: simply consider the function in R2
defined by f (x , y) = (1+ x2)1/2+(1+ y2)1/2. The asymptotic cone of its epigraph can be
computed as in the proof of Lemma 2.1 as {(x , y, z) ∈ R3 : z ¾ f∞(x , y)}, where f∞ is the
limit, when µ→∞, of the functions fµ(p) = µ
−1 f (µp). In our case, f∞(x , y) = |x |+ |y |.
We shall say that a conically bounded convex body is regular if it has smooth boundary
and its asymptotic cone has smooth boundary out of the vertexes.
The following elementary result on convex functions will be needed
Lemma 4.1. Let a > 0, and f : [0,+∞)→ [0,+∞) a convex function satisfying
lim
x→∞
f (x)− (ax + b) = 0.
Then, for every x0 ¾ 0 and any u0 ¾ f (x0), the halfline {(x ,u0 + a (x − x0)) : x ¾ x0} is
contained in the epigraph of f .
Proof. Let us prove first that the function x 7→ (x − x0)
−1( f (x)− u0) is non-decreasing.
Let x0 < x < z so that x = x0 + λ (z − x0), with λ = (x − x0)/(z − x0). By the concavity
of f we get f (x) = f (λ z + (1− λ) x0) ¶ λ f (z) + (1− λ) f (x0) ¶ λ f (z) + (1− λ)u0.
Hence f (x)− u0 ¶ λ ( f (z)− u0), what implies
f (x)− u0
x − x0
¶
f (z)− u0
x − x0
,
as we claimed.
For any x > x0, the segment joining the points (x0,u0) and (x , f (x)) is contained in
the epigraph of f by the concavity of f . Moreover, we have
f (x)− u0
x − x0
¶
f (x)− f (x0)
x − x0
=
f (x)− ax − b
x − x0
−
f (x0)− ax − b
x − x0
,
and taking limits we get
lim
x→∞
f (x)− u0
x − x0
¶ a,
by the monotonicity of x 7→ (x − x0)
−1( f (x)− u0) and the asymptotic property of the
line ax + b. So we conclude f (x)− u0 ¶ a (x − x0) for all x > x0, as claimed. 
Proposition 4.2. Let C be a regular conically bounded convex body, and {Ei}i∈N a diverging
sequence of finite perimeter sets with limi→∞ |Ei |= v. Then,
lim inf
i→∞
PC(Ei)¾ IH(v),
where IH is the isoperimetric profile of a closed half-space H.
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Proof. Assume that 0 is the vertex of C∞ = C
∞. As usual, let Cs = C ∩ {xn+1 = s}. The
orthogonal projection of Rn+1 over {xn+1 = 0} will be denoted by π. The balls considered
in what follows will be n-dimensional.
For t0 > 0 take a positive radius r0 > 0 so that B(0, r0)× {t0} ⊂ intCt0 . Is is an easy
consequence of Lemma 4.1 that the cone of base B(0, r0)×{t0} with vertex 0, intersected
with t ¾ t0, is contained in the interior of C . The section of this cone at height t is
B(0, t r0/t0)× {t}, and so B(0, t r0/t0)⊂ intπ(Ct).
We define F : C ∩ {t ¾ t0} → C∞ ∩ {t ¾ t0} by
F(x , t) = ( f˜t(x), t),
where f˜t : π(Ct)→ π((C∞)t) is the map defined by equation (3.6) in [22] which leaves
fixed the points in the inner ball B(0, t r0/t0)⊂ intπ(Ct). For i ¾ t0, let Fi = F |C∩{xn+1¾i}.
Let us denote by hλ the dilation in R
n of ratio λ > 0. Taking λ= t0/t we have
B(0, r0) = hλ(B(0,
t
t0
r0))⊂ inthλ(π(Ct))⊂ inthλ(π((C∞)t)) = intπ((C∞)t0).
When t →∞, hλ(π(Ct))→ π((C∞)t0) in Hausdorff distance since C∞ is the asymptotic
cone of C . Let ft : hλ(π(Ct))→ π((C∞)t0) be the family of maps given by (3.6) in [22]
leaving fixed the ball B(0, r0) so that Lip( ft), Lip( f
−1
t
)→ 1. It is immediate to show that
f˜t = hλ−1 ◦ ft ◦ hλ and that Lip( f˜t) = Lip( ft), Lip( f˜
−1
t
) = Lip( f −1
t
). We conclude that
Lip( f˜t), Lip( f˜
−1
t
)→ 1.
Let t ¾ s ¾ i ¾ t0. We estimate
|F(x , t)− F(y, s)|=
 
| f˜t(x)− f˜s(y)|
2 + |t − s|2
1/2
=
 
| f˜t(x)− f˜t(y) + f˜t(y)− f˜s(y)|
2+ |t − s|2
1/2
=
 
| f˜t(x)− f˜t(y)|
2 + | f˜t(y)− f˜s(y)|
2
+ 2 | f˜t(x)− f˜t(y)|| f˜t(y)− f˜s(y)|+ |t − s|
21/2.
(4.1)
We have |( f˜t(x)− f˜t(y))|¶ Lip( f˜t)|x − y |. By [22, Thm. 3.4], we can write Lip( f˜t)<
(1+ ǫi) for t ¾ i, where ǫi → 0 when i →∞. Hence
(4.2) | f˜t(x)− f˜t(y)|¶ (1+ ǫi) |x − y |, for t ¾ i.
We estimate now | f˜t(y)− f˜s(y)|.
In case |y |¶ sr0/t0 ¶ t r0/t0, we trivially have | f˜t(y)− f˜s(y)|= 0. Let us consider the
case |y | ¾ t r0/t0 ¾ sr0/t0. Set u = y/|y | and for every t > 0 denote ρt(u) = ρ(Ct ,u),
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ρ˜t(u) = ρ((C∞)t ,u) hence by (3.7) in [22, Thm. 3.4] we have
| f˜t(y)− f˜s(y)|=
 (t r0/t0 − |y |)
ρ˜t(u)− t r0/t0
 
ρ˜t(u)−ρt(u)

−
(sr0/t0 − |y |)
ρ˜s(u)− sr0/t0
 
ρ˜s(u)−ρs(u)

¶
|sr0/t0− |y ||
|ρ˜s(u)− sr0/t0|
(ρ˜t(u)−ρt(u))− (ρ˜s(u)−ρs(u)
+
(ρ˜t(u)−ρt(u))
 t r0/t0 − |y |
ρ˜t(u)− t r0/t0
−
sr0/t0 − |y |
ρ˜s(u)− sr0/t0

¶
(ρ˜t(u)−ρt(u))− (ρ˜s(u)−ρs(u)
+M
 t r0/t0 − |y |
ρ˜t(u)− t r0/t0
−
sr0/t0 − |y |
ρ˜s(u)− sr0/t0
,
(4.3)
where we have used
|sr0/t0− |y ||
|ρ˜s(u)− sr0/t0|
¶ 1,
since |y | ¶ ρ˜s(u) (because y ∈ π(Cs) ⊂ π((C∞)s)), and
(ρ˜t(u)−ρt(u)) ¶ M for t > 1,
since supu∈Sn−1 |ρ˜t(u)−ρt(u)| → 0 and so that M does not depend on i,u. For u ∈ S
n−1,
consider the functions ρt(u) = ρ(Ct ,u), ρ˜t(u) = ρ((C∞)t ,u). Observe that, for every
u ∈ Sn orthogonal to ∂ /∂ xn+1, the 2-dimensional half-plane defined by u and ∂ /∂ xn+1
intersected with C is a 2-dimensional convex set, and the function t 7→ ρt(u) is concave
with asymptotic line the function t 7→ ρ˜t(u). Thus the function t 7→ ρt(u) − ρ˜t(u) is
concave, because t 7→ ρt(u) is concave and t 7→ ρ˜t(u) is affine, and so(ρ˜t(u)−ρt(u))− (ρ˜s(u)−ρs(u)
|t − s|
¶
(ρ˜i(u)−ρi(u))− (ρ˜i−1(u)−ρi−1(u).(4.4)
Thus by (2.3), the lipschitz constant of t 7→ (ρ˜t(u)−ρt(u))|{t¾i} is independent of u and
tends to 0 as i → +∞. So, only remains to estimate the second term in the right part of
(4.3). To accomplish that, set
ρ(u) = ρ((C∞)t0 ,u) = ρ(ht0/t(π((C∞)t),u) for every u ∈ S
n−1.
By the homogeneity of the radial function we get
ρ(u) =
t0
t
ρ(π((C∞)t),u) =
t0
t
ρ˜t(u) for every t ¾ t0.
Consequently if R is the inradius of (C∞)t0 , and u0 such that ρ(u0) =minu∈Sn−1 ρ(u), then t r0/t0 − |y |
ρ˜t(u)− t r0/t0
−
sr0/t0 − |y |
ρ˜s(u)− sr0/t0
¶  t r0/t0 − |y |
t/t0 ρ˜(u)− t r0/t0
−
sr0/t0− |y |
s/t0 ρ˜(u)− sr0/t0

¶
|y |t0
ρ(u)− r0
1
t
−
1
s

¶
Rt0
ρ(u0)− r0
1
t
−
1
s

¶
Rt0
ρ(u0)− r0
1
i2
|t − s|
(4.5)
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Thus, the lipschitz constant of
t 7→
t r0/t0 − |y |
ρ˜t(u)− t r0/t0

{t¾i}
is independent of u and tends to 0 as i →+∞.
By the above discussion and (4.3), there exists ℓi for every i ∈ N such that ℓi → 0, and
(4.6) | ft(y)− fs(y)|¶ ℓi |t − s|.
From (4.1), (4.2), (4.6), and trivial estimates, we obtain
(4.7) |Fi(x , t)− Fi(y, s)|¶
 
(1+ ǫi)
2 + ℓ2
i
+ (1+ ǫi)ℓi
1/2
|x − y |
Now ǫi → 0 and ℓi → 0 as i →∞. Thus inequality (4.7) finally give us
limsup
i→∞
Lip(Fi)¶ 1.
Similarly we find limsupi→∞ Lip(F
−1
i
)¶ 1. From the general inequality Lip(F−1
i
)Lip(Fi)¾
1 we finally get that max{Lip(Fi), Lip(F
−1
i
)} → 1 when i → ∞ (indeed we have just
proved that dL(C ∩ {xn+1 ¾ i},C
∞ ∩ {xn+1 ¾ i})→ 0).
Now in case that |y | ¾ t r0/t0 but |y | ¶ sr0/t0, we can find t
∗ > 0 such that |y | =
t∗r0/t0, then as f˜t(y) = f˜t∗(y) = y , but in the same time f˜t∗(y) can have the expression
of (3.7) in [22, Thm. 3.4] then after a triangle inequality argument this case is reduced
to the previous one. 
Proposition 4.3. Let C be a regular conically bounded convex body. Then isoperimetric
regions exist in C for all volumes.
Proof. Fix v > 0. By Proposition 2.12, there exists E ⊂ C (possibly empty) such that
|E| = v1, PC(E) = IC(v1), and a diverging sequence {Ei}i∈N of finite perimeter sets such
that |Ei | → v2 = v − v1; moreover
(4.8) IC(v) = PC (E)+ lim
i→∞
PC (Ei)
Assume now that v2 > 0. From Proposition 4.2 we get lim PC (Ei) ¾ IH(v2). Now by
Proposition 2.14, the set E is bounded and by Proposition 2.9 we can find an intrinsic
ball B ⊂ C with volume v2 such that E ∩ B = ; and PC(B)¶ IH(v2). Then (4.8) gives
(4.9) IC(v) = PC(E) + lim
i→∞
PC (Ei)¾ PC (E)+ IH(v2) ¾ PC(E) + PC (B).
Thus E ∪ B is an isoperimetric region with volume v. 
Proposition 4.4. Let C ⊂ Rn+1 be a conically bounded convex set. Then IC ,YC are positive
concave functions, and so they are non-decreasing. Consequently, every isoperimetric region
in C is connected.
Proof. By 4.3 isoperimetric regions exist for all volumes thus we can argue as in [3,
Thm. 3.2] to conclude that the upper second derivative of YC is non-positive, where com-
bining with the fact that YC is continuous 3.5, we deduce that YC is concave. And so is IC
as a composition of non-negative concave functions.
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The connectedness of the isoperimetric regions is an implication of the concavity of
YC , [22, Thm. 4.6]. 
Corollary 4.5. Let C ⊂ Rn+1 be a regular conically bounded convex body. Given any v > 0,
any minimizing sequence for volume v converges to an isoperimetric region.
Proof. We reason by contradiction as in the proof of Proposition 4.3. Then we find an
isoperimetric region in C consisting of two components E and B, a contradiction to Propo-
sition 4.4. 
As a consequence we have the two following lemmata, [22]
Lemma 4.6. Let C ⊂ Rn+1 be a regular conically bounded convex body, and 0 < v0 < |C |.
Then
(4.10) IC(v)¾
IC(v0)
v
n/(n+1)
0
vn/(n+1),
for all 0< v ¶ v0.
Lemma 4.7. Let C be a regular conically bounded convex body, λ ¾ 1. Then
(4.11) IλC (v)¾ IC (v),
for all 0< v < |C |.
In a similar way to [18, p. 18], given a convex body (possibly unbounded) C and E ⊂
C , we define a function h : C × (0,+∞)→ (0, 1
2
) by
(4.12) h(E,C , x ,R) =
min

|E ∩ BC(x ,R)|, |BC (x ,R) \ E|
	
|BC (x ,R)|
,
for x ∈ C and R > 0. When E and C are fixed, we shall simply denote
(4.13) h(x ,R) = h(E,C , x ,R).
For future reference, we state the following result
Lemma 4.8 ([22, Lemma 5.4]). For any v > 0, consider the function fv : [0, v] → R
defined by
fv(s) = s
−n/(n+1)

v − s
v
n/(n+1)
− 1

.
Then there is a constant 0< c2 < 1 that does not depends on v so that fv(s) ¾−(1/2) v
−n/(n+1)
for all 0¶ s ¶ c2 v.
Nowwe can prove the following density estimate. A similar estimate for convex bodies
was obtained in [22, Prop. 4.9].
Proposition 4.9. Let C ⊂ Rn+1 be a regular conically bounded convex body, and E ⊂ C an
isoperimetric region of volume 0< v < |C |. Choose ǫ so that
(4.14) 0< ǫ <min

ℓ2
−1v, c2v,
ℓn2
8n+1
,ℓ2
−1

c1
4
n+1
,
where c1 = v
−n/(n+1) IC(v) and c2 is the constant in Lemma 4.8.
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Then, for any x ∈ C and R ¶ 1 so that h(x ,R)¶ ǫ, we get
(4.15) h(x ,R/2) = 0.
Moreover, in case h(x ,R) = |E ∩ BC(x ,R)||BC (x ,R)|
−1, we get |E ∩ BC(x ,R/2)| = 0 and, in
case h(x ,R) = |BC (x ,R) \ E||BC(x ,R)|
−1, we have |BC (x ,R/2) \ E|= 0.
Proof. In case h(x ,R) = |E ∩ BC (x ,R)||BC (x ,R)|
−1 we argue as in [22, Prop. 4.9] to get
bR/4a ¶ (m(R)1/(n+1) −m(R/2)1/(n+1)) ¶ m(R)1/(n+1) ¶ (ǫℓ2)
1/(n+1)R.
This is a contradiction, since ǫℓ2 < (b/4a)
n+1 = IC(v)
n+1/(8n+1vn) ¶ ℓn+12 /8
n+1 by
(4.14) and Proposition 2.9. So the proof in case h(x ,R) = |E ∩ BC(x ,R)| (|BC (x ,R))|
−1 is
completed.
For the remaining case, when h(x ,R) = |BC (x ,R)|
−1|BC (x ,R) \ E|, using Lemma 4.6
and the fact that IC is non-decreasing by Proposition 4.4, we argue as in Case 1 in
Lemma 4.2 of [18] we get
c1/4 ¶ (ǫℓ2)
1/(n+1)
This is a contradiction, since ǫℓ2 < (c1/4)
n+1 by (4.14). 
One of the consequences of Proposition 4.9 is the following lower density bound,
which is usually obtained from the monotonicity formula.
Corollary 4.10 (Lower density bound). Let C ⊂ Rn+1 be a regular conically bounded con-
vex body, and E ⊂ C an isoperimetric region of volume v. Then there exists a constant
M > 0, only depending on the constant ǫ in (4.14), on a Poincaré’s constant for r ¶ 1 as in
(3.2), and on an Ahlfors constant ℓ1 as in (3.3), such that
(4.16) P(E,BC(x , r))¾ Mr
n,
for all x ∈ ∂C E1 and r ¶ 1.
Proof. Let E ⊂ C be an isoperimetric region of volume v > 1, that exists by Proposition
4.3. The constant ǫ in (4.14) can be chosen independently of v > 1 since the quantity
infv¾1 v
−n/(n+1) IC(v) is uniformly bounded from below by a positive constant because of
(3.5). Then we have
P(E,BC(x , r))¾ Mmin{|E ∩ BC(x , r)|, |BC (x , r) \ E|}
n/(n+1)
= M (|BC(x , r)|h(x , r))
n/(n+1)
¾ M(|BC (x , r)|ǫ)
n/(n+1)
¾ M (ℓ1ǫ)
n/(n+1) rn,
as claimed. 
So we have our convergence result
Theorem 4.11. Let C ⊂ Rn+1 be a regular conically bounded convex body. Then a rescaling
of a sequence of isoperimetric regions of volumes approaching infinity converges in Haus-
dorff distance to a geodesic ball centered at the vertex in the asymptotic cone. The same
convergence result holds for their free boundaries.
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Proof. Assume 0 ∈ ∂ C . Let {Ei}i∈N ⊂ C be a sequence of isoperimetric regions of volumes
|Ei | → ∞, and let λi → 0 so that |λiEi | = 1. The sets Ωi = λiEi are isoperimetric regions
in λiC , and they are connected by Proposition 4.4. We claim
(4.17) diam(Ωi)¶ c, for all i and some c > 0.
If claim holds, let q ∈ int(BC∞(0,1)) and Bq ⊂ int(B∞(0,1)) be a Euclidean geodesic ball.
Consider a solid cone Kq with vertex q such that 0 ∈ int(Kq) and Kq∩C∩∂ B(0,1) = ;. By
(4.17) we get diam(λiΩi)→ 0, and hence λiΩi → 0 in Hausdorff distance, what implies
λiΩi ⊂ Kq,
for large enough i ∈ N.
As the sequence λ2
i
C ∩ B(0,1) converges in Hausdorff distance to C∞ ∩ B(0,1), we
construct using [22, Thm. 3.4] a family of bilipschitz maps
fi : λ
2
i
C ∩ B(0,1)→ C∞ ∩ B(0,1)
so that fi is the identity in Bq and it is extended linearly along the segments leaving from
q. The maps fi satisfy Lip( fi), Lip( f
−1
i
)→ 1, and have the additional property
PC∞( fi(λiΩi)) = PBC∞ (0,1)
( fi(λiΩi)).
Then gi = λi fiλ
−1
i
, defined from λiC ∩B(0,λ
−1
i
) to C∞∩B(0,λ
−1
i
) satisfy the same prop-
erties Lip(gi), Lip(g
−1
i
)→ 1 and PC∞(gi(Ωi)) = PBC∞ (0,λ−1i )(gi(Ωi)). From Lemma 2.3 we
get
lim
i→∞
diam(Ωi) = lim
i→∞
diam(gi(Ωi)),
1= lim
i→∞
|Ωi |= lim
i→∞
|gi(Ωi)|,
lim inf
i→∞
PλiC(Ωi) = lim infi→∞
PC∞(gi(Ωi)).
(4.18)
Consequently, by (4.17), the sets gi(Ωi) have uniformly bounded diameter. If the se-
quence of sets {gi(Ωi)}i∈N has a divergent subsequence, then (3.11), (4.18), and Propo-
sition 2.15 imply
(4.19) IC∞(1) = limi→∞
IλiC(1) = lim infi→∞
PC∞(gi(Ωi))¾ IH(1),
and from (2.2) we would get that C∞ is a half-space, a contradiction. Hence the se-
quence {gi(Ωi)}i∈N stays bounded, and we can apply the convergence results for convex
bodies to obtain L1-convergence of the sets Ωi and improve, using the density estimates
in Proposition 4.9, the L1-convergence to Hausdorf convergence of the sets Ωi and their
boundaries [22, Theorems 5.11 and 5.13].
So it only remains to prove (4.17) to conclude the proof. Since (λiC)∞ = C∞ we can
choose, using Lemma 3.3, a uniform Poincaré’s constant for r ¶ 1, and a uniform Ahlfors
constant ℓ1 for all λiC . Further, since IλiC ¾ IC∞ , the constant ǫ in (4.14) can be cho-
sen uniformly for all λiC as well. Consequently a lower density bound, as in Corollary
4.10, holds for all Ωi with a uniform constant. Since the sets Ωi are connected by Propo-
sition 4.4, we conclude that diam(Ωi) are uniformly bounded, since otherwise (4.16)
would imply that PλiC (λiEi) goes to infinity. This way we obtain a contradiction, since by
(2.9), we get PλiC (λiEi) = IλiC(1)¶ IH(1) for all i. 
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Since we are assuming smoothness of the boundaries of both the conically bounded set
C and of its asymptotic cone C∞ (out of the vertex), we can use density estimates for var-
ifolds to improve the convergence. In particular, the mean curvatures of the boundaries
of the isoperimetric regions satisfy a uniform estimate
Lemma 4.12. Let C ⊂ Rn+1 be a regular conically bounded convex body, and {Ei}i∈N a
sequence of isoperimetric regions of volumes vi →∞. Let Hi be the constant mean curvature
of the regular part of the boundary of Ei . Then Hi v
1/(n+1)
i
is bounded.
Proof. It is known that the mean curvature H of the boundary of an isoperimetric re-
gion of volume v satisfies H ¶ (I ′
C
)−(v), where (I
′
C
)− is the left derivative of the concave
function IC . Observe that there are constants m, M > 0 such that
mvn/(n+1) ¶ IC (v)¶ Mv
n/(n+1), for large v.
The left inequality follows from inequality (3.4), IC ¾ IC∞ , and it is indeed true for any
v > 0. The second one follows from (3.5), limv→∞(I
−1
C∞
IC)(v) = 1.
For large v we have
v1/(n+1)H ¶

1
m
1/n
IC(v)
1/n(I ′
C
)−(v) =

1
m
1/n n
n+ 1
 
YC
′
−
(v),
where YC = I
(n+1)/n
C . Hence the estimate
(YC)
′
−
(v) = lim
h→0+
YC(v − h)− YC (v)
h
¶
YC(v)
v
¶ M (n+1)/n.
proves the result. 
5. LARGE ISOPERIMETRIC REGIONS IN CONICALLY BOUNDED CONVEX BODIES OF REVOLUTION
In this Section we consider regular conically bounded sets of revolution in Rn+1, gen-
erated by a smooth convex function f : [0,+∞)→ R+ with f (0) = f ′(0) = 0. We may
think of f as the restriction to [0,+∞) of a smooth convex function f : R → R+ satis-
fying f (x) = f (−x). For any n ∈ N, the function f defines a convex body of revolution
C f ⊂ R
n+1 as the set of points (x , y) ∈ Rn×R satisfying the inequality y ¾ f (|x |). As we
shall see, the conical boundedness condition is equivalent to the existence of a constant
a > 0 so that
lim
x→∞
( f (x)− ax) = 0.
This implies that the line y = ax is an asymptote of the function f . For such a function,
we have
lim
x→∞
f (x)
x
= a.
and L’Hôpital’s Rule implies
lim
x→∞
f ′(x) = lim
x→∞
f (x)
x
= a,
and
lim
x→∞
x f ′′(x) = lim
x→∞
f ′(x)
log(x)
= 0.
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We have the following
Lemma 5.1. Given a smooth convex function f : [0,+∞)→ R+ such that f ′(0) = 0 and
limx→+∞( f (x)− ax) = 0 for some constant a > 0, we have
(i) The set C f = {x , y) ∈ R
n ×R : y ¾ f (|x |)} is conically bounded with asymptotic
cone at infinity (C f )∞ = {(x , y) ∈ R
n ×R : y ¾ a|x |}.
(ii) There exists a compact set K ⊂ C f so that C f \K is foliated by spherical caps meeting
∂ C f in an orthogonal way.
(iii) The mean curvature of the spherical caps is a non-increasing function (in the un-
bounded direction) and converges to 0.
Proof. Let us call C∞ = {(x , y) ∈ Rn×R : y ¾ a|x |}. Observe that Lemma 4.1 implies that
f (x) ¾ ax for all x ¾ 0 and so C f ⊂ C
∞. To show that the set C f is conically bounded
we compute ρ((C f ) f (x),u) = x , and ρ((C
∞) f (x),u) = f (x)/a for all u ∈ S
n−1. Hence
condition (2.3) is satisfied. We know that the asymptotic cone (C f )∞ is the epigraph of
the convex function f∞(x) = limµ→∞ µ
−1 f (µx) = ax . This implies (i).
Let us prove (ii). For any x > 0, we consider the center (0, c(x)) and the radius r(x)
of the circle meeting the graph of f orthogonally at the point (x , f (x)). We have
c(x) = f (x)− x f ′(x), r(x) = x (1+ f ′(x)2)1/2.
It is easy to check that c′(x) = −x f ′′(x) ¶ 0. If we define g(x) = c(x) + r(x) and fix
x0 > 0, the circles around the one with center (0, c(x0)) and radius r(x0) form a local
foliation if g ′(x0)> 0. Since
g ′(x) = x f ′′(x)

− 1+
f ′(x)
(1+ f ′(x)2)1/2

+ (1+ f ′(x)2)1/2,
taking limits we obtain
lim
x→∞
g ′(x) = (1+ a2)1/2 > 0.
So we conclude that there exists xm > 0 so that the circles corresponding to points
x > xm form a foliation meeting the boundary of the convex set in an orthogonal way.
The corresponding bodies of revolution exhibit the same property. In these cases, there
is a foliation outside a compact set whose leaves are spherical caps meeting orthogonally
the boundary of the convex set.
To prove (iii), simply take into account that the mean curvature of the spheres is
r(x)−1 = x−1(1+ f ′(x)2)−1/2 and limx→∞ r(x)
−1 = 0. 
Remark 5.2. Let C be a convex body of revolution generated by a convex function f
satisfying f ′(0) = 0. If we assume limx→∞ x
−1 f (x) = 0 then f ≡ 0. This follows since
the function f ′ is non-decreasing and satisfies limx→∞ f
′(x) = 0. Hence a convex body
of revolution cannot be asymptotic to a half-space unless it is a half-space.
Let (M , g0) be a smooth Riemannian manifold with smooth boundary. Assume that Σ
is an embedded hypersurface with constant mean curvature HΣ and that ∂Σ is contained
in ∂M and meets ∂M in an orthogonal way. We shall assume that Σ is two-sided and so
there is a unit normal NΣ to Σ. The unit conormal to ∂Σ will be denoted by νΣ.
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Let X be a C∞ complete vector field in M so that X |Σ = N and X |∂ M is tangent to ∂ M .
The flow {ϕt}t∈R of X preserves the boundary of M and allows us to define “graphs” over
Σ. If u ∈ C2,α(Σ) has small enough C2,α norm, then the graph of u, denoted by Σ(u), is
defined as the set {ϕu(p)(p) : p ∈ Σ}. For small C
2,α norm, Σ(u) is an embedded hyper-
surface. Given a Riemannian metric g on M , we shall denote the unit normal to Σ(u)
in (M , g) by N g
Σ(u)
and shall drop g when g = g0. The unit conormal will be denoted
by ν g
Σ(u)
. Given g, the inner unit normal to the boundary of M will be denoted by N g
∂ M
.
The laplacian on Σ, the Ricci curvature tensor, the second fundamental form of ∂M with
respect to an inner normal, and the squared norm of the second fundamental form, with
respect to a Riemannian metric g, will be denoted by ∆gΣ, Ric
g , IIg , |σg |2, respectively.
We shall drop the superscript g when g = g0.
We shall use the following well-known result, compare with [1, Prop. 10]
Proposition 5.3. Let (M , g0) be a Riemannian manifold with smooth boundary and Σ⊂ M
an embedded hypersurface with constant mean curvature HΣ such that ∂Σ ⊂ ∂M meets ∂M
in an orthogonal way. Assume that the free boundary problem
∆Σu+ (Ric(N ,N) + |σ|
2)u= 0, on Σ
∂ u
∂ νΣ
+ II(N ,N)u = 0, on ∂Σ
(5.1)
has just the trivial solution. Then there is a neighborhood U of g0 in Riem(M) and a neigh-
borhood I of HΣ so that for (g,H) ∈ U× I , there is just one graph of class C
2,α with constant
mean curvature H meeting ∂M in an orthogonal way in the Riemannian manifold (M , g).
Proof. The proof is an application of the Implicit Function Theorem in Banach spaces.
Consider the map Φ : (Riem(M)×R)× C2,α(Σ) −→ C0,α(Σ)× C1,α(∂Σ) defined by
Φ(g,H,u) = (H g
Σ(u)
− HΣ, g(ν
g
Σ(u)
,N g
∂ M
)).
The partial derivative D2Φ with respect to the factor C
2,α(Σ) is given by
−D2Φ(g0,H0, 0)(v) =
 
∆Σv + (Ric(N ,N) + |σ|
2) v,
∂ v
∂ νΣ
+ II(NΣ,NΣ) v

.
This map is injective by assumption and surjective by the Fredholm alternative. It is con-
tinuous and an isomorphism by Schauder estimates [12, Theorem 6.30 (6.77)]. Hence
we can apply the Implicit Function Theorem for Banach spaces to conclude the proof. 
We shall also need the following
Lemma 5.4 ([2, Corollary 3.4]). Let Sn(R) ⊂ Rn+1 and B(r) ⊂ S(R) be a geodesic ball
(spherical cap) of radius 0 < r < πR/2. Then the first nonzero Neumann eigenvalue µ(r)
of the Laplacian in B(r) satisfies µ(r)> nR−2.
Now we are in position to prove the main result in this Section
Theorem 5.5. Let C be a conically bounded convex body of revolution. Then there exists
v0 > 0 such that any isoperimetric region E ⊂ C of volume |E| ¾ v0 is a spherical cap
meeting the boundary of C in an orthogonal way.
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Proof. By Remark 5.2, the asymptotic cone of C is not a half-space. Hence C is generated
by a convex function f such that limx→∞ x
−1 f (x) = a > 0. The asymptotic cone of C is
C∞ is the convex body of revolution generated by the function f∞(x) = ax .
Let {Ei}i∈N be a sequence of isoperimetric regions in C with |Ei | → ∞. By Theo-
rem 4.11, for λi = v
−1/(n+1)
i
, the boundaries of λiEi converge in Hausdorff distance to a
spherical cap Σ ⊂ S(R), of radius 0 < r < πR/2, inside the asymptotic cone of C . More-
over, we can find a sequence of diffeomorphisms ϕi of class C
∞ applying a small tubular
neighborhood of Σ into a subset of λiC containing the boundary of λiEi . The mean
curvature of the boundary of λiEi is given by Hi v
1/(n+1)
i
, which is uniformly bounded by
Lemma 4.12, and so it is the mean curvature of ϕ−1i (λiEi) computed with respect to the
metric ϕ−1(g0). The reduced boundary of ϕi(λiEi) is a stationary varifold with boundary.
Since the perimeters of ϕi(λiEi) converge to the perimeter of Σ, we can use [16, The-
orem 4.13] to get C1,δ-convergence of the boundaries. By elliptic regularity, the mean
curvatures of the boundaries of ϕ−1
i
(λiEi), computed with respect to the metric ϕ
∗g0,
also converge to the mean curvature of Σ, and the boundary of ϕi(λiEi) is the graph of
a C∞ function over Σ in the sense defined above.
The hypersurface Σ ⊂ C∞ is the boundary of an isoperimetric region in C∞. On Σ we
have Ric(N ,N) + |σ|2 = nR−2 and II(N ,N) = 0. So the free boundary problem (5.1) is
given by
∆u+ nR−2u = 0, on Σ,
∂ u
∂ ν
= 0, on ∂Σ.
By Lemma 5.4 the first nonzero Neumann eigenvalue of the Laplacian on Σ is strictly
larger than nR−2, and so the only solution is u= 0. Proposition 5.3 then implies that, for
large enough i ∈ N so that ϕ∗g0 is close to g0 and the mean curvature of the boundary
of λiEi is close to the one of Σ, there is only one such graph.
Consider now a sequence of spherical caps in C with the same mean curvature as the
one of ∂ Ei . Scaling down we have C
∞ convergence to Σ. By the uniqueness part of
Proposition 5.3, we obtain that Ei is a spherical cap for i large enough. 
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